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1.—ON THE PROOF OF THE PROPOSITION THAT (Mz + Ny)" 
IS AN INTEGRATING FACTOR OF THE HOMOGENEOUS DIF- 


dt 
FERENTIAL EQUATION M+ N i 


dz 
By G. G. Sroxes, M.A. Fellow of Pembroke College. 


A FALLACIOUS proof is sometimes given of this proposition, 
which ought to be examined. ‘The substance of the proof is 
as follows. 

Let us see whether it is possible to find a multiplier V, 
a homogeneous function of x and y, which shall render 
Mdz + Ndy an exact differential. Let M and N be of x, 
and V of p dimensions ; let 
. dU = V (Mdz + Ndy)........ (1)3 


then, on properly choosing the arbitrary constant in U,]} _ 
U will be a homogeneous function of 2 + p+1 dimen-? (A), 
slons, 
whence, by a known theorem, 
dU dU 


(n+p+1)U=z- ty ——=V (Mz + Ny)...(2); 
dx * dy ; 
therefore, dividing (1) by (2), 
dU = Mdz + Ndy : 

(nt+p+1)U Mx+Ny 
and the first side of this equation being an exact differential, 
it follows that the second side is so also, and consequently 
that (Mz + Ny)" is an integrating factor. 

Now the factor so found is of —2-—1 dimensions; so that 
the first side of (2) is zero. In fact, we shall see that the 
statement (A) is not true as applied to the case in question, 
unless Mz + Ny = 0: 
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The general form of a function of z of dimensions is 
Az". The general form of a homogeneous function of z 


: a 4 :, 
and y of m dimensions is 2” (%). The integral of the first 
x 
\ / 


Agni 


i Az Aas ; 
is in general — 7» omitting the arbitrary constant; and 
n+ 


consequently the dimensions of the function are increased 
by unity by integration. But in the particular case in 
which »=- 1, the integral is A log z, which is not a quan- 
tity of o dimensions, at least according to the definition just 
given, according to which definition only is the proposition 
with reference to homogeneous functions assumed in (2) true. 
Let us now examine in what cases U will be of n+p+1 
dimensions. 

Puttng M= Mz", N= N32", y=xz, M, and N, will be 


functions of z alone, and we shall have 


Mdzx + Ndy = x" {(M,+ N,z) dx + N,xdz}. 


If M+ Nz=0, ie. if Ma + Ny = 0, we see that 2" will 
be an integrating factor. ‘The integral, being a function of z, 
will be of 0 dimensions, and both sides of (2) will be zero. 

If Mz + Ny is not equal to 0, we may multiply and divide 
by (JZ, + N,z) x, and we have 

. 0 0 + 7 
. ‘ dx N dz 
Mdz + Ndy = x"" (M, + N,z)| — 4 v__}, 
. x M, 4 NZ, 
Hence we see that {2 (M,+ N,z)}" or (Mx+ Ny)" is 
an integrating factor. For this factor we have 
' ‘y 
U = log (x) + » (¥), 
: pS 
\@ / 
@ denoting the function arising from the integration with 
respect to z. 
: dU dU 
In this case we have x y—-=1, not = 0, 
dx * dy 

It may be of some interest to enquire in what cases an 
exact differential of any number of independent variables, in 
which the differential coefficients are homogencous functions 
of » dimensions, has an integral which is a homogeneous 
function of x + 1 dimensions. 

Let dU= Mdz + Ndy + Pdz+.... be the exact differential. 
Let y=y'2, z=22....,. M= Mz", N=N;z"...., 80 that 
M,, N,.... are functions of y’, z'.... only; then 


dU = 2" {(M,+ Nyy + Pz’) dx +(Ndy' + Pdz'..-) x}. 


; 
' 
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—_ oar ee aa ee 
First, suppose the coefficient of dz in this equation to 

be zero, or Mr + Ny + Pz... = 0; then the expression for dU 

cannot be an exact differential unless #=- 1. In this case U 

will be a function of y’, z'..., and will therefore be a homo- 

geneous function of 2+ 1 or 0 dimensions. 
Secondly, suppose the coefficient of dx not to be zero; then 
da N dy’ + Pdz... 
Vi N. yf t F’ rd 


#) dx Ndg + P dz... — 
(Ma + Ny + Pz...) | —- ~daenliee. 2h Oy: 
; \ 2 M+ Ny + Pz’... 
Aid 
Now I say that at is the exact differential 
Mii Ny +1 
of a function of the independent variables y’, 2’... , mr, _— 
y,2... for the independent variables inste: ad of of eee 
r being supposed constant, and putting for M,, N,... r ir 
Ndy WD od) i °~@ F 
values, that is vi: exact differential. 
Mz + d \ y E'S as 


dU =2""( M. 4 Nvy woe) | 


For, putting Mx+ Ny + Pz. DD, in order that the 
quantity considered should be an exact differential, it is 


necessary and sufficient that the svstem of equations of 


\’ P 
rm) 
d= d= 
; ' ) Dp, oe = 
which the type is == = —ee should be satisfied. This 
: az dy 


equation gives 


/ ‘dN dP : dp dD 





dD! — |}+ P—-wN—=0. 
\ dz ~ dy } ly dz 
: N dP a . 
Now, since aN _¢ , by the conditions of Mdx + Ndy 
dz dy ° 


+ Pdz.... being an exact. differential, the above equation 
D 
dD _N db 


bec 5s P—-N— Q, O1 
yecomes , - 
(aM dN. dP, \ (dM dN. dP 
| ee y+ Zee }— NV | 7 &4 Y+—-2z 0 
\ dy dy dy" } dz dz dz / 
Revlaci dM dP 7 dN dN dM dN 
placing —-, —... by —, — ... am : 
eplacing a's P+ = and Fs a. 
by = P = ..., this equation becomes 
2’ @ 
y 7 \ = 1P 2 2 
P (aN , t+ aN y + aN re eee | (‘ x4 dt y 4 af 2 0 
\ dx dy” dz ) dx’ dy” dz 


R 2 
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ea IN dN : 

Now = Zz + '% y eee = 1 N, 
2 > 

= x + ial yt...=nP, 


dx 
and therefore the above equation is satisfied. . Hence 
Ndy + Pdz... N,dy' + P.dz ... 
- or its equa er ee j : 
Mz + Ny + Pz...’ ” Mo+ Ny + Pz .. 
is an exact differential d{(y’, 2’ ...). Consequently equation 
(3) becomes 
dU =(Mzx+ Ny + Pz...) d {log + Wy’, 2 ...)}; 
which equation being by hypothesis integrable, it follows that 
Mx+ Ny+ Pz... =o {log e+ (y’, 2...)}: 
and Mz+ Ny... being moreover a homogeneous function of 
n+1 dimensions, it is clear that we must have @ (a)= A e")*, 
Hence we have 


dU = Ax e*" +d (log z + ~). 


If now 2+ 1 is not equal to 0, we have 


dy 


Ax” l en” l)y 


U= 
n+ 


omitting the constant; but if x =- 1, we have 
U= A(logxz+ yi. 


We sce then that if Mz + Ny + Pz...=0, which can only 
happen when x =-1, U will be a homogencous function 
of x + 1 or 0 dimensions. If Mx+ Ny + Pz...... is 
not equal to 0, then, if +1 is not equal to 0, and 
the constant in U is properly chosen, U will be a ho- 
mogeneous function of n+1 dimensions, but if » +1= 0, 
U will not be a homogeneous function of 0 dimensions, but 
will contain log z. Of course it might equally have con- 
tained the logarithm of y or z, &c.; in fact, 


' x ' 
log z+ (y', 2’ ...)=log y + log— + (y’, z’...) 
: y ! 


log y+ x (y', 2... 
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11. —TRANSFORMATION OF THE DIFFERENTIAL EQUATIONS 
OF A PLANET’S MOTION. 
By B. Bronwin. 
MAKING 2, y, 2 the co-ordinates of a disturbed planet, 
x,y',2 those of the disturbing body, r and r’ the radii- 
vectores, and 
' ’ ' ' ’ 
m (ax + yy’ + 22') m 
R = 13 sa i2- 7 2 3 
ale j* ” nap! Ys ay y* ld 
r {r? — 2(2a' + yy’ + 22') + 9°}4 
the known differential equations of its motion are 
d’x pe dR d*y pny dk d*z we aR 

Eee el ee: i: aon Ae See 
ar dz ar dy dé r dz 

e@ewe (A ). 

Let ¢ be the inclination of the plane of the orbit to the 
fixed plane of zy, @ the longitude of the node on the fixed 
plane, and 3 its longitude on the plane of the orbit, having a 
fixed origin 6n it. ‘Then np=xnw' cos n'np (see fig. 1), or 
d= cos 7 d0. 

If w and vw be the co-ordinates referred to the line of 
the nodes, z= «ucos#-—vsin@, y=usinO+vcos@. And 
if w be the co-ordinate on the orbit, of which o is the 
j projection, v=weos?, z=wsind. Also, if & and 7 be the 
co-ordinates on the plane of the orbit, the axis of » passing 
through the origin of 3, 


0 


u=Ecosd+nsnd, w=-F& sin d+ cos 4. 
From these, by eliminating w, v, and w, we have 
z= AE+ Bn, y=C&+ Dyn, z= HE+ Fy.... (1), 
A=cos 9 cos $+cos 7 sin 6 sin 3, B=cos @ sin S-cos? sin @ cos 4, 
C =sin 8 cos9-cos 7 cos 6 sin9, D=sin 0 sin 9+cos 7 cos 4 cos 95 
E=-sini sin 9, F'=sin 7 cos 9. 
Remembering that d9 = cos 7 d0, we find 
dA =- sin 0 cos 0d9- cos 7 cos 0 sin 3 d6 - sini sin 0 sin 9 di 
+cos @ cos # sin 9 dO + cos* 7d sin 8 cos 3 dO 
=-sin? sin 0 sin $ di - sin? 7 sin 0 cos 9d; 
and dE =~- cos? sin } di — sin? cos ¢ cos 9 dé. 
From these it will be easily seen that 7A = tan? sin OdE. 
Similar results may be obtained by differentiating the values 
of B, C, &c. They are, including the one just obtained, 
dA= tanisin@dk, dB= tanisinddF ) 
dC=-tanicos0dE, dD=-—tanicos@dF |°*"° 


(2 
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As we have four quantities to determine and only three 
equations, we must make an assumption. Assume 


EdE+ndF=0, dA +ndB=0, EdC+ ndD = 0...(3). 


This is only equivalent to one assumption: for if we put 
for dA, dB, dC, dD their values from (2), we see that the 
two last of (3) reduce to the first. The assumption here 
made is the one usually made. For if @ = lat. v = long. 
on the orl 
md z= AE 

f 


in p 


) 


it, we have z=rsing, E=rcosev, n=rsin ec; 
ky becomes 

{cos e+ F'sin ¢ = sin 2 (sin ¢ cos 9 - cos ¢ sin J) 

sn? sin (e-—9); 


' _ : d sin @ d sll od 
and d+ ydk'= 0 is * di P a9 -0. 
; di d§ 
By virtue of (3) we have 
dz i dé R dn dy C dé dy dz K dé F dn 
= 4 , P \ : ‘ere EO peat 
dt di dt di lt dt dt dt dt 


and therefore 


d*y d*€ d'n dA dé dB dn | 
A —+B— +: = + — 
dt dt dt dt dt dt dt | 
A | 
d*y ods D d*n dC d& dD dy ' 
dt’ dt’ d®@ dt dt dt dijo 
d*z _d*é an dE dé dF dy 
-~= K—+ F— 4 — | 
dt" dt’ dt" dt dt dt dt | 


The followimg equations of condition will now be ne- 
cessary : 

AC B=1, B+ D+ F’=1, AB+CD+ EF- 0, ) 

AdA + CdC+ EdE=6, BdB+ DdD+ FdaF= 0, mai 3. 

AdB+CdD+ EdF=0, BdA+ DdC+ FdE= 0,’ 


These may be derived as follows. In 7*= 27+ y'+2°=& 4 9° 


put for z, y, and z their values from (1); the coefficients of 


E*, En, 7, equalled to zero, will give the three first. Dif: 
ferentiation of the first and second will give the fourth and 
fifth: these last, by means of (3), will give the sixth and 
seventh. Or if in zd + ydy + 2zdz = EdE + ndn for x, dx, &c. 
we substitute their values from (1), the coefficients of the 
several terms of the result equalled to zero. will give them 
all. And they may be all verified by putting for A, B, &e. 
and their differentials their value: 





ee ee 
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of « Planet’s Motion. 


We easily derive from (4), attending to (5), 


i d*x aty BE d’z S ) 

se a” Be 
Soave lh 

R d's D d Yop dz a 7 | 

dt’ dé? dt’ dt 


and from (1), having regard to (5) 


5 (Ax + Cy + Ez) = we : P (Bz + Dy + Fz) = S seo (7) 
F , r ; i 


Multiply the first of (4) by A, the second by C, the third 
by &, and add the results ; we have by (6) and (7), 
ave pé dR dk | ,dR_ 
dé r +4 dz +@ dy +s dz 
Again, multiply the first of (4) by B, the second by D, 
the third by F; add results: we have by (6) and (7), 
rw, Ah yA, pl, 
ao dx dy dz 
But 
dR dRdx« dRdy dR dz dk aR dk 


SS ete Ht — SH A --4+C—+ E— by(1). 
dé dx dé dy d& dz dé dx dy 7 a? 


cl 


In like manner a B “7 :D aR , FF OR 
dn dx dy dz 
These values of =’ 7 reduce the equations last ob- 


tained to 
VE pE dh " dn pn aR 
dé dé ae ar dn 


‘The equations (8) are the same as they would be if the 
plane of the orbit were fixed. 

Since # is independent of the position of the fixed plane, 
if we make that plane coincide with the orbit, the quan- 
tity xz’ + yy'+ z2' will become 2'& + y'n, or ME+ Ny. And 
if we transform that quantity, it will become ME + Nn, 
M and N having the same values in both cases, though 
functions of different quantities in the two cases. Conse- 


aR dR 


quently ~~~, —— will have the same values, whatever be 
dé dn 


the position of the fixed plane 
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Make Edn - de 
dt 


dt 


dA d— dB 


di dt dt 
dC dé dD 
dt dt dt 


dE dé dF 
dt dt dt 
Substituting these 
d*x 
dt’ 
d*‘y 
dt 
dz ; 
dt® 


‘These last may be changed by (3) 


d°x 
dt 
d’y 
ri 
d*z 


Or 


dt’ 

By (2) we find 
(‘dA (dc \ \" 
(G)+ La). 


(dBY | 4) 


\ dt ) dt 


and (10), 


dA d’x dC d’y 


dd dt dé” 


dB d*z dD d’ y. 


dt dé : dt dt 


iA - 


-h. Then by (3), 


dn dA dé - Edn — 


dt dt ° ndt 

dn dU dé - Edn — 
dt dt~ ndt 

dy dE dé - Edy 
dt dt ndt 


dé , dy 
oe ee 
ai at 
hed 73 ») 
( a 
oe | 
dt ad 
d f “vy 


aa * ae 


dé -B d ») 
dt dé 


0 d*é -D dn 


ae di* 


dé a dy 
dt’ dt’ 


anda 
n de 
hd¢d 
” de 
hdk 
m dt 
into 


h dB 


“£€ dé 
. h dD 
. E dt 


h dF 


E dt 


iE. LE \ 
(FG ~ Cos? 2 (z) ) 


dE d*z : 
dt dt 
dF d’z 


a") dé 


; dF . 2 (dF 
dt} cosi \ dt 


We now easily find from (8) and (9), having regard to (5) 
y 8 


h 
cost 


h ( 
‘ 


& cos 2 \ 


has 
n dt 
h dC 
n dt’ 


” dt © 


values in (4), they become 


: 


= 
| 
J 


eres DS 
: 
] 


dE \ ) 
a ) 


dF'\? 


dt } 








| 
| 
vent PED 























of a Planet's Motion. 


Putting for z, y, and z their values from (1), we find 
in consequence of (5), 


uw (da dC S EL. 
: t+—Yyrt Z\=9 
r° ( dt . dt 4 


al | 

9 
ai 4 dD | . lt As f sales CEQ) 
ry \ dt ee Y dt ~ J 


Multiply first of (A) wy * = , second by a , third by =f 
add results: by (11) and (12) we obtain 


h (FG ) dA dR dC dR dE dR 





- oi—=)})+— + $e oe 
m cos’ 2 \ dt dt dx dt dy dt dz 


Agai ain, multiply first of (.4) by 


by af ; add results: by (11) and (12) we obtain 
dt 
h (ey dB dR dD dR dF dR 


Ecos i\ de) dt de dt dy dt dz’ 


Putting for dA, dB, dC, dD their values from (2), the 
two last found equations reduce to 


" ) 
= , second by - , third 


h dk dR dR aR ) 
— — = n sini sin 0 — ~nsin i cos @—— + cost — 
cost dt dx dy dz | 

h dF R dR f 
ai gu 77 Es isin 8 T+ Eins cos 5° - Ecos dk 
cost dt z dz 

Now, by (1) and (2), osee (1S), 


dR dRdz : dR dy , dR dz dRdB dRdD adR 


dF dx dF dy dF dz dF 0 dz dF “a dy dF i dz 


ae IR IR TR 
= 9 tani sin 6 “>” — n tan? cos 0‘ - +7 on 
dz r ( 


In like manner 
oe — tan 7 sin @ = ~- — tan? cos 6 eo + _ 
By means of (14), (13) will become veee (14). 
h dE dk ; h dF dR 
cos't dé dF’ cost dt dE’ "’ 


To follow a usual notation, make 





p=-E=snisn$9, g= F = sinicos9, 
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and (15) become 


cos t dé dk cos’ ¢ dé dk ; 
dq - — ‘sea aeh 


iis a 
? h dq h dp 


where cos’ = 1 - p’ - ¢. 


From equations (16) the following formule, which are 
sometimes used, may easily be deduced : 


dt dR 19 - . ©98 idt dR ii - dt dk 
fata’? > ©" hsint dO’ 


The equation sing = £ cos v+ F'sin v= sin ¢ sin (v - 9) 
will give the latitude by means of E and F, and we may 
form a differential equation for the purpose if we please. 
In which case we may find the variations of F and F, or of 
¢ and JY, due to the several powers of the disturbing force, 
from those of @ and v, in the manner pointed out in my 
paper on the Differential Equations of the Moon’s motion 
in the London, Edinburgh, and Dublin Philosophical Maga- 
zine, Feb. 1844. ‘Those equations are founded on the pre- 
vious knowledge of equations (B) of this paper; which last 
are convenient for finding the co-ordinates r and v on the 
plane of the orbit instead of their projected values on the 
fixed plane. And this method is mostly the easiest way 
of solving the problem. 


dé = 


Asint di 


lll.—ON A NEW METHOD OF OBTAINING THE EXPRESSION 
FOR THE SINE AND COSINE OF THE MULTIPLE ARC IN 
TERMS OF THE LIKE FUNCTIONS OF THE SIMPLE ARC. 
By R. Moon, M.A. Fellow of Queeus’ College. 
‘THE subject which I propose to discuss in the following 
short paper is somewhat trite; but as the method I purpose 
to adopt possesses great simplicity, and as the artifice adopted 
in it may be usefully extended to other cases, I perhaps may 
be excused in my endeavour to call attention to it. 
By De Moivre’s Theorem, 
cos 20 + V(- 1) sin nf = {cos 6 + v(- 1) sin 6}" 
cos" 9 + C, V(- 1) sin 8 cos"” 0 - C, sin® @ cos"? @ 
\ ’ -_ -3 > 
C, V(— 1) sin® 0 cos"* 0+ &c. 
where C,, C,, C,.... are the successive coefficients in the 
expansion of (1 4 2)’; 








Ae ee 
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Hence cos‘x@ = cos" @- C, sin‘ A cos"* 0+ C, sin* 6 cos** 6 - &e. 


It will be observed, that the coefficient of cos" @ in the 
above expression is a a function of one dimen- 


sion of the quantities C,, C,, C,.... ; and this function will 


be identical with the coe “he: ient of cos" @ in the expression 
u = cos" 0 — A(1 - cos’ 8) cos"* 8 + A® (1 — cos® 8) cos" * 0 -- &e. 


if we change A into C,, A* into C, A* into C, &c. But 
D 2? 4 6 


‘0s /1-cos’ 9" ,{ 1-cos’ OY 
o=tr 0 f fl — : “ 4 M a( = 0 ) He. 


’ : | cos’ @\) 
cos" 0 (4 ) 
- hi q cos’ 6 ) | 


nn ) 
_ of r = 0| 








cor (5, 1 A dfd 1 (AY afl 
1 cos ddA 1.2\cos*@) dA 
1 A \ d'fA 
1.2.3 \cos? 0) dA® 
+ Ke 


and fA is the coefficient of cos" @ in the equivalent for « ; 
therefore 
fA=1+A+A’+ A’+ A’ + &e. 
df 
dA 
dA’ 


dpa _ ee a 
dl? ~s tT +O. 


}lence w= cos*@(1+ 4 + A’+ A*+ &.) 


cos"? @ 


on ~ (A i 2A’ + SA’ + 4A* + Se. 


4 
cos" 
ad (1.2.A* + 2.3A°+ 3.4A* + &e.) 


t 
cos" *@ , ; : 
eo (1.2.3.A4°+2.3.4.A4°+3.4,.5.A°+ &c.)+ &e.; 
es 
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‘and substituting for A, A*, A’ .... &c., we get 
cos 20 = cos" O(1 + CU, + C,+ C,+ &c.) 


oe... , 
> acai (C+ 20,4 3C, + &c.) 


cos" @ 

t > (1.20, + 2.80, + 8.40, + &e.) 
cos" . Q 
; 2.3 (1.2.30, + 2.3.4C,+ 3.4.50), + &e. 
Ke. 


a result which may be readily verified. 
Similarly we have 
sin 26 = C, sin 8 cos”"' @- C, sin’ @ cos"* 0+ C, sin’ @ cos"* O- &c. 
= sin 6 {C, cos"" @ C, (1 - cos* 0) cos*” 6 
+ C, (1 -— cos’ 0) cos"” @ - &e. 
= sin J.u 
Now the coefficient of (cos 0)"” in « may be found from 
that of (cos 0)"” in the expression 
v= A cos"”’ @— A*(1-cos’ 8) cos"’ 0 + .A*(1 —cos*8) cos” O- &e. 
by substituting C, for A, C, for A’, C, for A®, &c. 


But v = A cos""@ \! -A atta O. a (1 - cos’ 0° 1 —~ &e \ 


cos’ @ \ cos? @ ‘J 


= A cos" 9 | 
ie f\4- cos® =i 
whence we easily find 
sin n@ = sin 6 cos"" 0(C, + CO, + C, + &e.) 


_ cos" 9 7] (C,+2C,+8C. + &e.) 





; —- (1.20, +2.3C,+ 3.40, + &c.) 
cos” ” 
7.2.3 a 2.3C,+ 2.3.4C, + &c.) + Ke. 
vo 


We might in the same manner easily obtain the expression 
for sin 26 and cos @ in terms of the powers of sin 0. 


Liverpool, Dec. 20, 1844. 
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IV.—ON INDETERMINATE MAXIMA AND 


By W. Warton, M.A., Trinity College. 





MINIMA. 


Suppose that we have ” equations connecting a quantity 7 
with ” quantities z, y, z,....and let it be proposed to deter- 
mine a relation among certain parameters of these equations, 
such that for all values of z, y, z,....the value of 7 shall 
remain invariable. Problems coming under this general 
head may generally be solved with much elegance ‘by the 
following method. ‘Proceed by the ordinary rules to find the 
values of L,Y, 2,.... which correspond to a maximum or 
minimum value of r: the result of the investigation will be 
an equation which, together with the » original equations, 
will generally serve to determine 2, y, z,.... as well as 7. 
Having obtained these equations, we must assign such rela- 
tions among the proper parameters of the equations as shall 
render the values of 2, y,z,.... all or some of them, ac- 
cording to the case, indeterminate. These relations will 
constitute the solution of the problem proposed. I will sub- 
join the solutions of several problems of the above class, 
which will sufficiently elucidate the principles of the method. 
(1) To investigate the positions of the circulay sections of 
the surface (8 4 y* 4 2) = ata + Dy? + C2... (1), 
made by planes passing through the centre of the surface. 
Let (2, m, 2) be the cirection-cosines of any plane section 
through the origin, 7 any radius of the section, and a, [3, y, 
its direction-cosines. ‘Then 
la+ m3 +ny=0..... Oe | 
. 
and me ttl PPE 
also, from (1), we have 
Pa aa + PRD + chy’. ..0. 000000 (4). 
Since 7 must be constant for a circular section, differen- 
tiating (2), (3), (4), on this hypothesis with respect to a, 8, y, 
we have Ida + md[3 + ndy = 0, 
ada + Bdp + ydy = Q, 
dada + b’BdB + c’ydy = 
Multiplying these three equations in order by 1, - Au, —A, 
and adding, we get, Aw and X being arbitrary multipliers, 
l=X\(u-@)a 
m=X(u— B)B >. ...cceeeeeee -(5), 


=A(u-e’)y 
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Indeterminate Maxima and Minima. 


From (2) and (5) there is 
e m nr 


[A- a [Zz i [A> ° 





from (3) and (5), 


hg me n . 
sat, + seager FC Wes Ree (7) 
(u-ay (2 -OY (u-e’y 
From (3) and (4), 
ae i aC m ‘6 nc 
Ny? = ca 
(u - a ay “7. - “By (u -— cy 
= pr*, by (7) — (6), 
whence tba \4e waddaw dp nti 


Now, the section being circular, a, 3, y, must each be an 
indeterminate quantity: hence, as is evident from (5), the 
value of A in (7) must be of the form 2. We must have, 
therefore, one of the three relations 

(?=0) (m’ - 70). (v= 0} 

Ler ae Lr = oF; lr =e | 
Corresponding to each of these relations, we must have 
respectively, from (2), (5), (8), 

m n° n ‘Se he m 
+ = 0, —; + =, --——~ + - 0: 


@- a-c¢ =F O-2 Cc-a ou 





of which relations the second alone is possible. Thus we sec 
that there are two circular sections given by the equation 


l (@- c’\s 
: —|], m=0; 
n a 3) 


the radii of both being equal to A. 

If any other possible relation were established between 
l, m, n, ‘the values of a, B, y, r, might be found from the 
equations (5), (6), (7), (8); so that r would be ascertained 
both in magnitude and position. Thus the problem with 
which we have been occupied is a nugatory case of a general 
problem of maximum or minimum values. 


(2) To investigate the positions of the circular sections of 


an waren made by planes passing through the centre. 
The equi ition to the e llipsoid being 
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1¢g psp ¥ 
whence ee a ae 
fr £ = #€ 
it is evident that all the equations of the last problem will be 
Bd obees 

adapted to the case of the ellipsoid by writing ee ce 
o se f° ¢ 
respectively in place of r*, a’, 5°, c’. 

Thus we see that the positions of the circular sections will 
be determined by one of the relations 


m n° n* £ rh m 
on Oe ae oe ees SS ae : &£ & 
a DF € ©¢ Be BB a € ¢ c¢- FF 











w 
CG 


the second only of which is possible. Thus we see that two 
circular sections are determined by the equations 


Pt. 134 

] 
m-0, - ea 
amie, fie Se 
Le BF) 


(3) ‘Lo find the position of a plane passing through the 
centre of an ellipsoid, such that the perpendiculars from the 
centre upon the tangent planes at every point of the curve 
of section shall be equal. 

The equation to the ellipsoid being 

oe y” 2 
+ 


ao i 


we shall have, p being one of the perpendiculars, 


Let the equation to the plane of section be 
lx+my+nz=0...... (8). 
Since p is to be constant, we have from (3), (1), (2), 


Idx + mdy + ndz = 0, 


i dz + y dy + * dz = 0, 
a lll 


x 2 2 
— dz + L dy +—dz = 0. 
a b c 
Multiplying these equations by 1, - Au, —A, and adding, 
we shall get, Au and A being arbitrary, 
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r / 1 \ 
/ =— t uh } J 
“a a) ! 
ete le | (4) 
‘y of hl | 
A / Aue 
Remi wn” =): | 
Cc c } 
From (1) and (4), 
La’ mb’ nce . . 
( ey { 1 \ f 1 \ 
y= 77S Lrg | 
\ a} ” b } . Cc | 
from (3) and (4), 
Pa ml ve 
I...) PY 2- ST ee (6). 
1 1 1 
"== [4A — 55 A~- > 
a b ( 
From (2) and (4), 
ly h m* n 
= 4. ESE + = 
a | ivf ty, & By 
, (u--] (eB (e> 3) 
\ a} \ d] \ Cc} 
ur’, by p(d) - (6), 
’ l 
whence ae ay wer ey Te 
Pp 
Since A, given by (5), must be indeterminate, in order to 


render 2, y, 2, indeterminate in (4), we must have one of 


the relations 
sales | ls | lola’ 
was)? funny? lees) 
a b° é 
Corresponding respectively to these relations we have, from 
(3), (4), (7), 





mb ne , nc la’ ‘ 
owes - aus, — ot _ 
 .e & 8 . og ae we ’ 
ec Fr €¢ ¢ Pe BR a 

Ca mb’ 

— ~~ scam — 0, 

1 1 1 1 

fuse ht 


of which the second alone is possible. 
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Thus we see that there are two sections determined by the 
equations {1 1 \3 
clB a 
m= 0, - ©: + ~ | en | . 
n a | 1 1 | 
La 6d 


the constant magnitude of the ~— yndicular being = 0°. 


V.—ON THE INVERSE ELLIPTIC FUNCTIONS. 
By A. Caytey, M.A. Fellow of Trinity College. 

THE properties of the inverse elliptie functions have been the 
object of the researches of the two illustrious analysts, Abel 
and Jacobi. Among their most remarkable ones may be 
reckoned the formule given by Abel (Ciuvres, t. 1. p. 213), 
in which the functions ga, fa, Fa, (corresponding to Jacobi’s 
sin am.a, cos am.a, Aam.a, though not precisely equivalent to 
these, Abel’s radical being [(1 — cz”) (1 + e*z*)}!, and Jacobi’s, 
like that of Legendre’s (a - x) (1 - A*2*)})), are expressed in 
the form of fractions, having a common denominator ; and 
this, together with the three numerators, resolved into a 
doubly infinite series of factors ; ¢.e. the general factor con- 
tains two independent integers. These formule may con- 
veniently be referred to as ‘ Abel’s double factorial expres- 
sions” for the functions ¢, f, F. By dividing each of these 
products into an infinite number of partial products, and 
expressing these by means of circular or exponential func- 
tions, Abel has obtained (p. 216-218) two other systems of 
formule for the same quantities, which may be referred to as 
* Abel’s first and second single factorial systems.” The 
theory of the functions forming the above numerators and 
denominator, is mentioned by Abel in a letter to Legendre 
(CHuvres, t. 1. p. 259), as a subject to which his attention 
had been directed, but none of his researches upon them 
have ever been published. Abel’s double factorial expres- 
sions have nowhere any thing analogous to them in Jacobi’s 
Fund. Nova; but the system of formule analogous to the first 
single fac torial system is given by Jacobi (p. 86), and the 
second system is implicitly oonteined in some of the sub- 
sequent formule. The functions forming the numerator and 
denominator of sin am.u, Jacobi represents, omitting a con- 
stant factor, by #7, (w), O(w); and proceeds to investigate the 
properties of these new functions. This he principally effects 
by means of a very remarkable equation of the form 

lO(u) = \Au' 








rr 3 . 
Bj du.| au sin’ amu, 
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(Fund. Nova, p. 145, 133), by which © (wv) is made to depend 
on the known function sin am.u. The other two numerators 
are easily expressed by means of the two functions 7, ©. 

From the omission of Abel’s double factorial expressions, 
which are the only ones which display clearly the real nature 
of the functions in the numerators and denominators; and 
besides, from the different form of Jacobi’s radical, which 
complicates the transformation from an impossible to a pos- 
sible argument, it is difficult to trace the connection between 
Jacobi’s formule ; and in particular to account for the ap- 
pearance of an exponential factor which runs through them. 
It would seem therefore natural to make the whole theory depend 
upon the definitions of the new transcendental functions to 
which Abel’s double factorial expressions lead one, even if 
these definitions were not of such a nature, that one only 
wonders they should never have been assumed 4 priort from 
the analogy of the circular functions sin. cos. and quite 
independently of the theory of elliptic integrals. ‘This is 
accordingly what I have done in the present paper, in which 
therefore 1 assume no single property of elliptic functions, 
but demonstrate them all, from my fundamental equations. 
For the sake however of comparison, I retain entirely the 
notation of Abel. Several of the formule that will be 
obtained are new. 


The infinite product 
x \ 
walv«. raat stale ‘venuten 
. ma } 
where m receives the integer values +1, + 2,..+7, converges, 
as is well known, as 7 becomes indefinitely great to a deter- 


: : _ 2 , . : 
minate function sin — of z; the theory of which might, if 
@ 


necessary, be investigated from this property assumed as a 
definition. We are thus naturally led to investigate the 
properties of the new transcendant 


\ 


a ee, | 
\ mo + nui} 
mand are integer numbers, positive or negative; and it is 
supposed that whatever positive value is attributed to either 
of these, the corresponding negative one is also given to it. 
? = v(-- 1), @ and v are real positive quantities. (At least this 
is the standard case, and the only one we shall explicitly 
consider. Many of the formule obtained are true, with slight 





modifications, whatever w and v represent, provided only @: vz 
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be not a real quantity; for if it were so, mw + nvi for some 
values of m,n would vanish, or at least become indefinitely 
small, and « would cease to be a determinate function of z).* 

Now the value of the above expression, or, as for the sake 
of shortness it may be written, of the function 


u = ailll fy 4 = ae na a 
L (m, n)f 4 


depends in a remarkable manner on the mode in which the 

superior limits of m, are assigned. Imagine m,n to have 

any positive or negative integer values satisfying the equation 
p(m*,n°) < T. 


Consider, for greater distinctness, m, z as the co-ordinates of 


a point ; the equation (m’*, n°”) = T belongs to a certain curve 
symmetrical with respect to the two axes. 1 suppose besides 
that this is a continuous curve without multiple points, and 
such that the minimum value of a radius vector through the 
origin continually increases as Z' increases, and becomes 
infinite with 7. The curve may be analytically discon- 
tinuous, this is of no importance. The condition with 
respect to the limits is then that m and » must be integer 
values denoting the co-ordinates of a point within the above 
curve, the whole system of such integer values being suc- 
cessively taken for these quantities. 

Suppose, next, uw’ denotes the same function as uw, except 
that the limiting condition is 

Lf fs nn fo 

The curve ¢'(m’, n*) = T" is supposed to possess the same 
properties with the other limiting curve, and, for greater 
distinctness, to lie entirely outside of it; but this last con- 
dition is nonessential. 

These conditions being satisfied, the ratio w':u is very 
easily determined in the limiting case of 7 and 7” infinite. 
In fact 


uo xz ) 
i: en, rete 
u L (m,n)! 
lu’ ‘ 

or ee ee 
u (m, 2)) 


the limiting conditions being 
OE Ge ey 
p (m’,n®) < T". 


* I have examined the case of impossible values of w and v in a paper which 
I am preparing for Crelles’ Journal. 
$2 
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{ \ xr 

Now O06: + otacke sites wh we m——— + wee (9), 
\ (m,n)} (m,n) ~ (msn) 

lu 1 Ps 1 

—=2.>> -}2°.3> ——., +... .(10). 
u (m, ‘n) 7 (m, ny 


Or, the alternate terms vanishing on account of the positive 
and negative values destroying each other, 


wu 1 1 
Went al: PE eee = oe, me sb 
u ‘#- (m, ) ” (m, eal 34) 
In general SSy(m, n) = [ {Ww (m, n) dmdn + . (12), 


P denoting a series the first term of which is se the form 
Cyr(m, n), and the remaining ones depending on the differen- 
tial coefficients of this quantity with respect to m and n. 
The limits between which the two sides are to be taken, are 
identical. 
In the present case, supposing 7' and 7” indefinitely great, 
; 
7 : u 
it is easy to see that the first term of the expression for 7 — 
u 
is the only one which is not indefinitely small ; and we have 


u i : 
l a 4 Az’, or &@= ug ste Teac ake (18), 
u 
where = be dn dm. dn (14); 
: ff (m,ny ny -f (mw +nuty °°” ? 


the limits of the integration being given by 
A gl > err (|| 
p (m*, n*) < T". 


Some particular cases are important. Suppose the limits of 








wu are given by = mtg? < T?, nut < T? oo. eee (16). 
And thus of u, by mee + w'u’.< J... peated (17), 
j Imd: 
we have A= <r (18), 
(mm + nur) 
l 1 1 1 
=- * fan. ss _ =" agp ys 
\T+nvi WT? -n'v')+ nuvi — VT? - n’v*) + nvi 
1) 
—- T+ nvt} 
9 f If "2 Po 2,,2\ 
en fan. } . 5 Se rn (nv=- T, nv=T) 
@. | T° + nv i J 
2 [* 1 — 2 
ewes f -V(1-6.)) =- —(w-m)=0. 


wv). ‘(14 @U 








Again, let the limits of w’ be 
mo < R*, 


and those of u, mo < Rk, 


oy [f. dmdn 
(mo + wg on 


ve 


( 
= if —— -——- = 
x [an - LR “ai 


where the limits are n*v’ < 8”, 


1 





tity it will continue to be used. 


perties are to be investigated. 


(m,n) = (m 


(m, 2) = mo 4 


ye = amt 


l 


gz = Ill fr + 


\ 


{ 
Gz = Mill 1 


We may put 
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Or, in this case, u=t 


————— + 
R + nv 


(m, n) = m@ + nui....... 


WA Se ores wdledas ae 
WUE oo ce 





cicebeitietiminct ‘ (22) 
1 ce 3 
-Rinvi - + nviJ : 


for the terms containing RF’, 


n’v’ < S*. for the terms containing 2 
2 ] R+Si R-S 


te x agen — osmtaiaaa eee 
ov R-Sit R+ ee) 
e ie S' S 
--—(A'-X), if r= tan'—, A=tan' —, 
@u R 
the arcs A, A’ being included between the limits 0, =. Hence 
, Q(A'-r) = 
Ot 9 A cece 
In particular if . w If . 1, u! ~afet 
particular i eg ul =u. ee »amal_v su" 
E ie a” 2 
ie S a" a . 
if —=o, —=1, w = ue” where B = —, for which quan- 
R a f wu’ 4 


We may now completely define the functions whose pro- 


Writing, for shortness, 


seals one 


+ 1) @ + nue. 


(m + }) ve. 


(m,n) =(m+})o+(n+4) uw. 


* | ‘i iesavnd daieia eee 


; a n) ' 


(m, n) 


” ta n) 
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(m,n)! 














262 Inverse Elliptic Functions. 


The limits being given respectively by the equations 
mod*(m,)< T, mod*(m, n)< T, mod*(m, n)< T, mod’ (m, n)< T, 
T’ being finally infinite. ‘The system of values m= 0,» =0, 
is of course omitted in yz. 

The functions yz, gz, Gx, Gz, are all of them real finite 
functions of z, possessing properties analogous to that of (w). 
Thus, representing any one of them by Jz, we have 

SY ha eee eee EET ye, Ud 
. . a . 
where J.gz is the same as Jz, only for Jzx the limits are given 
by m’o* or (m + So’ < R’, n’v* or (n + by’ < S, (R, S, and = 
R 
infinite). It is to this equation that the most characteristic 
properties of the functions Jz are due. 

The following equations are deduced immediately from the 
above definitions : 

y(- 2) =- ya, g(-x)=9x, G(-2)= Gz, G( - 2) = Gz...(D), 

y(0) = 0, g(0)=1, G(0)=1, GO=1.............. (8), 

BOD Ki dawns edeens ities 


infinite), and fer Jgz, by the same formule, (R, S, and - 


Suppose y,z, 9,2, Gz, Gx, are the values that would have 
been obtained for a, gz, Gz, € ix; by interchanging w and 
v,—then changing z into zi, and interchanging m “and n, 
by which means the limiting equations are the same in the 
two cases, we obtain the following system of equations : 


AM OE. 5 ons ace ckun AD 
g, (at) = Gx. 
G (xt) = ge. 
Gi (xi) = Gz. 
Or otherwise, y (22) = BP ches cnee zeae see 
g(x) = Gia. 
G (at) = 9a. 
G (x2) = Gz, 


equations which are useful in transforming — any other 
property of the functions J. 
The functions J’z are changed one into another, except as 


. . , ° @ 
regards a constant multiplier, by the change of z into x 4 





So CE 





@ 
z=0,%=-—. 
9 


A=Y = ceeeee, 


B=- 4, r(¢ 
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— = giwpxr Bycz. 
_ = ¢Bor( Gre. 


. = giPwr DGz, 


Putting at the same time e®#* = ¢¥ = q,", 


cary 


@ 


9 


=a ¢ \Buai A Gz ee 
. ew Buai BGxr 


-~sBuaxi Cye. 
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This will be shown in a note, or it may be seen from some 
formule deduced immediately from the definitions of the 
functions Jgz, which will be given in the sequel.* Observing 


the veliadons between Jz and Jax, we have in particular 


eed. Se () S 


where A, B, C, D, are most een determined by writing 


Tw 


inant ends Aaa 


G ( 3) @($)-2° oa: 


Similarly, the functions J_,z are changed one into the other 


by the change of z intoz+}ui. We have in the same way 


ren ca 


Buri Dye, 


sent paper. 
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W hence A=y : re ere ae orn. (J). 
B yg q' G~, 
Casq' y 2, 
D =G uw q ~Y e 


Wu 
where "=e" =g'. It is obvious that the relation between 
q and gq, is lg. lq, rT’. 
We obtain from the above 


ul ve 


vt |! w \ 


Also, by making x in the expression for y [= 





2 2 
@ . v2 \ 
and zx - in that for y {| z +— |, we have 
2 2} 
@ / vi\ te 5 ' 
yi— |g =—-t*y7—G-—.... (27) i 
M\ ig | # \ 2) ‘9 2 ‘ 
LS 79) \E - 7 


and the same or an equivalent one would have been obtained 
from the functions g, G, &. 
By combifing the above systems, we deduce one of the . 
form | 
j ; @ ut \ 1 Bx (w—vj ~ y 4 
y\ z+ a ne ’ A Gz.... (K), 
\ 9 9 
2 , 
/ @ ut \ 4 Bx (w-vi) ‘ 
gJ\ z+ (<4 é £\O-"") B' Gz, - 
v \ 5) 9} 
Gla+ vd n i Dae pny C"qz, 
\ 2 2/ ‘ 
{ @ ut \ 1 Bx (w vu / 
Gl2r4—4¢— let” D'yz. 
\ 2 2) 


And observing the equation ¢”°” = «”' =(- 1), with the fol- 
lowing values for the coefficients, 
! @ ut 
4 
A’ =(— 1). yoga -eeeeee ee CL), 


B 
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PP 
C =(-1).G Gr -— , 
@ ut 
y= ae eae _ cag 
| (- 1) g &h 9 Y 3 
, ‘ , P { @ \ ut 
Collecting the formule with connect y a)? ape 
these are \2 . 
@ 
= 0 (A 
g 2 1) 
» vt 
G r) = 0, 
@ @ , 
Y ~~ , 4 
G 3 Gr 9 - 
ut ge Ub 
‘=> 7 


@ ut ey f. Gq (@) 
19°93 < So 5)@(5)- 
And by the assistance of these 
BC’. A'D'= BDAC =CD= AB=-1........ (28), 


hand \ 


A'B':C'D'=- ABC’ D'=- y'{ %\: @ (2), 
\2/ \2, 
A'C'=B'D'=- A'C=BD= y(2)\:@/(2), 
\ 47 \2/ 
eee F od OX, cust & \ fut\  .fur\ 
Y=2-A'D-BC ol = FG eel — sgt <= |S 
eB AR INS Ge) 


which will be required presently. 
It is now easy to proceed to the general systems of formule 
@ = (-1)", for) oe ... 
y {x + (m, n)} =(-1)"". Oya, 
g {x +(m,n)} =(-1)” . Ogz, 
G {x+(m,n)}=(-1) . OGz, 


b] 


G {xz +(m, n)} = OGz. 
@ wm (— 1) td) | Pelle + do - wi] qo" bn ¢ jn? 


y {z + (m, n)} =(- 1)". bAgze, 
gy {x + (m, n)} =(-1)" . PByz, 
. PCGz, 


G {x + (m, n)} =(-1)" 


& DGz. 


tx +(m, n)} 
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+2 3x. [mw — 1) vi ~ 4m? -An®—} 
yp - fo "| io 4) - t.[mw —(n+4) vi] q 4m 9 dn jn 


y {x +(m, n)} = (-1)"". ¥A'Go, 
g {x + (m, n)} =(-1)" .¥BGz, 
G{x+(m,n)}=(-1" .¥C'yz, 
G {xz + (m, n)} = UD ge. 


a bes i" 1 > 4 ; Pe [(m+ 4)w— (n+ 4) vi] gerne qg dn?- tn 


y {x + (m, n)} =(-1)"". OA'Ge, 
g {x +(m,n)} =(-1)” .QB'Gz, 
G {x +(m,n)} =(-1)" .QC 92, 


G {x +(m,n)} = . OD'yz. 
Suppose x= 0, we have the new systems, 
ed) ae ee (M bis). 
y (m, n) = 0, y' (m, n) = (-1)"" ©, 


g (m, n) = (- 1)". O,, 
G(m, n) = (- 1) .,, 
Gi (m, n) = ©,. 


®, = (- dade ae D¢, jm* "@ 4nz 
v(m, n) = (-1)"". ®, . A, 


g (m, n) = 0, g (m, n) = (- 1)". ®B, 
G(m, n) =(-1).®,C, 
G (m, N) = © D. 


P= (- 1D gd, gu dntan, 
v(m, n) =(-1)"".¥ A’, 
g(m, n)=(-1)" . vB, 


G(m, n) = 0, G' (m, n) = (- 1). ¥,C, 


G (m, n) = wD. 

Q, = (— Lymm g “dma gana 
y (m, n) =(-1)"". 2,4’, 
g(m, n)=(-1)"" .2,B’, 
G(m,n)=(-1" .QO0C, 


Gi (m, n)= 0, G' (m, n) = 2D’. 
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We obtain immediately, by taking the logarithmic dif- 
ferentials of the functions ya, gz, Giz, Gx, the equations 

yz ye = XD{x-(m,n)}", m=0, n=0 admissible, 

gz > ge = XU {zx — (m, 2)}*,. 2.200000 e CN), 

G'z = Gz = SS {x -(m, n)}", 

Giz = Gz = TE {x -(m, n)}", 
the limits being the same as in the case of the factorial 
expressions. 

Consider an equation 
gz. Gz = ya.Ga= > [A{x-(m, n)}"+ B{x-(m, n)}"]...(29), 
we have 
A =9(m,n)G(m, n) = y' (m,n) G(m,n)=1....002 00006. (30), 
%B = 9 (m, n)G(m, n) = y(m, n) G'(m, n)=.B'C'-A'D'= -1...(31). 
(The application of the ordinary method of decomposition 
into partial fractions, which is in general exceedingly pre- 
carious when applied to transcendental functions, is justified 
here by a theorem of Cauchy’s, which will presently be 
quoted.) We have thus 





gz Gx ~ ya Ga = (y'x . yx) - (Gx + Ga), 
and similarly 
i grGx ~ yx Gx = (y'x = yx) - (Gx = Gr),.... (O), 
| GzGe = yxgu =(y'x> yx) - (g'@ = 92), 
B ya Ga > gx Gx = (g'x = gu) - (Gx = Ga), 
e yagx - Ge Gx = (G'«c + Gr) - (G'z : Go), 
ce yaGe > Gaga = (G'x = Gir) - (g9'x = ge); 


in which we have written 


Eliminating the derived coefficients, 


Gao-Gaee dy’, ...0005. (33), 
gx - Ga = — b’y’z, 


Vr qx Cy z&. 
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Adding # =e +c or b=v(é +c’), in which sense it will 
continue to be used. 
Also, Gfa= Ge - cya, . ...6.05505 (Py 
Ga = Gia + eye. 
Suppose OF = 72 = SZ, . 00 0000200 - CQ), 
fz = gx <= Gz, 
Fr = Ga - Gz. 


‘Then JPEN HOU hy sicaseerasce. (B®), 
F’z = 1+ &9'2, 
and also Cem PO <ccsccsnev . (S), 


fiz =- ox Fe, 
F'zr= ex fx. 
Whence, putting for fz, Fx, their values 
pitty ncn anita. is (EN 
Vv (1 - ep) (1 + ep a) 


or writing pz = y, and integrating, 


os 
z= | dy eatin os 
o Y(1 — cy’) (1 + ey’) 
: ry dy 
or o'y= | , ee —— 9 
oY (1-cy) (1 + ey’) 


which shows that @ is an inverse elliptic function. 

The equations which are the foundation of the theory of 
the functions ¢, f, F, are deduced immediately from the 
equations (S). (Abel Giuvres, tom. 1. p. 143.) ‘These are 

dbz fy ky + by fe Fx 

1+ ee pa dy 
_Sefy — ¢ px py Fa Fy 
l+eeedrdiy ° 
Fe Fy + & be by fr fy | 
1+ €¢ dx py ; 
so that from this point we may take for granted any pro- 
perties of these functions. We sce, for instance, immediately, 


r —~=-, ¢( — | t; whence 


w [ dy dW) 
eo Fe S(1 aa ey? )(1 4 ey’) alias 


b (x+y) er ge 
T(a+y) 


F(z+y)= 


Cc 
~. 
~ 


te | 
a 
a 
t 
~ 
a 





nia nana ose 


cn NE 
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y uf P 
o. - |’ —. 2 or 2 =|" x ee 
: SA-ey)( (14 ey?) 2 Jo /Sf(1+e'y’) (1-ey’) 


ere o 


which give the values of w, v in terms of c, e€; values which 
may be developed in a variety of ways, in infinite series. 


@ 
We may also express Y 5» &e., and consequently A, B...&c., 


by means of the saints c,e. We have only to combine 
the equations 


(shse(2\-!, (#08! 


\2/ e” aS le $e’ 
eo. a <b us. wut b 
G—:G@-_—-<«-, Dig OE ee the. (Sa 
2 2 ec 2 lal 


with the former relations between these quantities, and 
we have 


ry Dad \ vt git<de ced he 
ve Toe 4 ae ie Ne 5 VY \ 
: hi ee Pee y>=tbhte*g',....(¥), 
@ ul ! 1 1 
g —=0, G—a Fe Gg” 
I 3 c Y 9 | 
@ , = i ~ ut 
G-—<b'e*g, ‘, & = 0, 
2 2 
@ 1 ! 1 ve ! ! 
— J J ae > 
if = o "sé Gg, > OF - Oe 9 


1 1 1 1 1 ! ! 


B =-B og, B= b'e*qg*, B=-(-1) tee “g, *q° 


eee C'=-ib'e'q’', C (-lfe eg, *¢''y 
D=b '¢' q,° D'=b* eq’, D'=-(- 1)ie'e’g, *¢ °, 


which are to be substituted in any formule into which these 
quantities enter. 

~ following is Cauchy’s Theorem, (Evercises de Math. 
tom. IT. p. 289). 

” If in attributing to the modulus 7 of the variable 


z=7 {cos p+v(-1) sin p} ieeven tar 
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infinitely great values, these can be chosen so that the two 


— = FED B-fCO, oni 
2 22 ’ 
sensibly vanish, whatever be the value of p, or vanish in 
general, though ceasing to do so, and obtaining finite values 
for certain particular values of p; then 
pe- g 
“r-z 
the integral residue being reduced to its principal value.” 

To understand this, it is only necessary to remark that the 
integral residue in question is the series of fractions that 
would be obtained by the ordinary process of decomposition ; 
and by the principal value is meant, that ail those roots 
are to be taken, the modulus of which is not greater than 
a certain limit, this limit being afterwards made infinite. 

Suppose now fz is a fraction, the numerator and de- 
nominator of which are monomials of the form (yz) (gz)"..., 
l,m... being positive integers, and of course no common 
factor being left in the numerator and denominator. 

Let A be the excess of the degree of the denominator over 
that of the numerator. Suppose the modulus 7 of (z) has 
any value not the same with any of the moduli of 


(m,n), (m,n), (m,n), (m,n).... (38). 
Then we have 
r (cos p+ 2% sin p) = mw + nui + @... (89), 
@ being a finite quantity, such that none of the functions J0 
vanish. m and x are the greatest integer values which allow 
the possible part of @ and the coefficient of its impossible part 
to remain positive. We have therefore 
te +e ar — M3... . (40), 
M being finite; or when r is infinite, at least one of the 
values m, » is infinite. ‘The function fz reduces itself to the 
form Am* An’ 
ee he teed rOrererre |). 
where F'is finite. Hence g, and g being always less than unity, 
fz, and consequently both : { fe+f(-z)} and - { fze-f(- z)} 
vanish for = a , as long as J is positive. 
In the case of A= 0, the conditions are still satisfied, if we 
suppose fx to denote an uneven function of z: for when 
\=0, the index of exponential in the above expression vanishes, 
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or fz is constantly finite. But fz being an odd function of z, 


‘ i ‘ . : ? 
fe+f(-2)=0. And = { fe-f(—)}| vanishes for z infinite, 


on account of the z in the denominator: hence the expansion 
is admissible in this case. But it is certainly so also, in 
a great many cases at least, where fz is an even function 
of z; for these may be de duced from the others by a simple 
change in the value of the variable. For instance, from the 
= of yx = gx, which is an odd function, by writing 


z+ . for z, we obtain that of Gz = Gz, which is even. 


A case of some importance is when the function is of 
the above form, multiplied by an exponential <i**”*. Here 
writing z= mo + nuvi + 0, the admissibility of the formula 
depends on the evanescence of 


ja(mw+nvi)®  3dm* Xn? 
é “ "9 


ows s's's (48)5 
or, if a=h+ ki, this becomes, omitting a finite factor, 
— dm? (AP —h) w~ 3 n? (AB +h) vu? kmn we ™ 
% . . (43), 


which vanishes if h’ + 1? < )’(", i.e. the modulus of (a) is less 
than A. The limiting case is admissible when the series is 
convergent. 

We obtain in this way a ¥ery great variety of formule. 
For instance, 


ax? tbe - 


om ss {(- 1)" m m 40 me, him m) gam In* {x—(m, n)\**] wel &) 
gictrle - oe 


=—bie 4 pop {(-1)"™ m-'n ehalm, ne +b(m, "@ b (med 4)! ‘gi {ar ~(m, n)}*} 
gia tbe = Ge 
al 2b-3 ek 3s [(- 1y mn-} mon eh a (m, nj2+b(m, n) q) jm? gen {: 7 z—(m,n)}"], 
gh cette : Gz 
= tc te 4 SS[(-1) (m+ 4) (m4) Ja (m, ny 2+b (m,n q3 } (mr) v® gil WS a~(m, n)}""], 
in which the modulus of @ must not exceed /3: in the limit- 
ing cases, for a= (3, 6 must be entirely impossible, and for 
5 > > J ’ 
t= - (3, 6 must be entirely real. The formule for yz are 
eifeiroe > ve = DS(- Aly q™ si {x — (m, n)}"...(44), 
1 oes , o 
g 2 Pxrrbx ye _ => (- n 1, m2 (m, n) {z¢- (am, n)} '. 
and for 6=0, 
¢ih@ yz ca V5 (. 1y""¢ n? {z ~(m, n)} 1 cee ee (45), 


iA# - yx = SX(-1)""g,™ {x -(m, n)}" 
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Next the system, 


Gz =yx=Z=r(-1 


* {z -(m, n)}" Te th (B’). 


gx = yx = XX(-1)" {x - (m, n)’; 


Gz = yx = T=(-1 


y {x -(m,n)\"; 


- yw , we \-1 
ye ~gu=- b' oe! TS(-1f {x - (m,n), 
Y 1 bh min f s - 
Gz = gx =-c' SS(-1)"" {x - (m, n)}", 
Gz =gx=-b' ds(-1y {x- (m,n)}"; 
’ < \m ~ 1 
ye ~ Ge=- b'e" SE(- 1)" {x-(m, n)}", 
Y dl ~h al + 1 
Gz - Ger = ie" => (- Da . {e- (m, n)} ’ 
Gr-Gr= tb’ S3(-1y {x-(m,n)}" 
yo=Gr= ic'e' Sd(-1)"" {z-(m, n)}", 
gz = Gz = e* Zd(-1)" {x-(m, n)}", 
Gz ~ Gz - te? SS(-1y7 {x -(m, n)}". 


which is partially given by 


Abel. 


We may obtain, in like manner, expressions for the 


functions 
] 1 ves il aoa 
, Ge" (six terms of this form) .... (C"’), 
yz gz yr IX 
Gu 
noe (twelve) or, 3}. 
yt gz 
yr gx a ar 
Go Gr?’ Sx ) Rey C2! )s 
1 ‘ UF’ 
—————,... our) es 
yz gz Gx ) 
Ger a - 
— 50 (four) scare ae 
yz gx Gz 
1 aa 
(one) sean Rae 0 


ye gx Gz Gx’ 


each of thefn, except (E'), 


no exponential, has alreac 


exponential <4*"*, the limits of (a) being 


+ 8B, +28, +48. For 


(the system for which, admitting 
ly been given,) multiplied by an 
t 2/3, u (3, oe 


the limiting values, & must be 


entirely impossible for the superior limit, and entirely pos- 


sible for the inferior one. 














rr, 
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Thus the last case is 
1 


yx gx Gx Gx 
= 22 ei rr {x - (m, n)}""] 
a > [e 4a tm, n)2+b (m, n) pei 4 gr {x = (m, n)} 4 
+33 one m, n)2+b (m,n) a get {x = (m, n)}" 
- 2s [et (m, n)%+b (m, ®) qn gny" {x “4 (m, n)}7] : 
in particular 


1 
yx ge Gx Ga 





p* - SD 9g," {x -(m, n)}"... . (46), 
-~>> gon? {x = (m, n)}" 
+ B29," {x —(m, n)}" 
+ DD" {x - (m, n)}", 
or the analogous formula obtained by changing 8, ¢,, m into 
- B, g, 2. 
The function ¢’z, which is even, and for which X = 0, 
cannot be expanded entirely in a series of partial fractions ; 


but (x - a)’ ¢’« may be so expanded. Multiply by (2 - a), 


the second side has for its general term 
(x - a) (Mz + N) {x - (m,n), 
equivalent to . oe 
K'+ (M'z + N’) {x - (m, n)}”. 
Summing all the H’’s, we have an equation of the form 
dt = A+ SE[L {x - (m, n)}? + M {zx - (m, n)}"] ... (47). 
To determine the coefficients as simply as possible, change 
z into x + }w + inwt, 
07 gal? = A+ SE[L {x-(m, n)}*+ M {x-(m, n)}"] 
woes (48), 
L=-—e?e*[{a —(m, n)}’ bal?) . 0... 0.00005 (49), 
M = - ¢*c? d_[{x-(m, n)}* gx|"], x=(m, n). 
Or writing z +(m, n) for z, 
Le-¢?c* (2°2|"), (c=0); L=e7e*... (50), 
M = - e*c* d_(a°px|*) = 0; 
ge= A-erc? TE {x-(m,n)}*..........(51). 











274 Inverse Elliptic Functions. 


Integrating twice, 

fodx [oda .g’a =}Az’+e*c*? TE1{x~(m, n)}....(52), 

—herc® A x* + eX? , ° , 
or Gz =e [oda [odz.. Pa ....... (58), 
an equation from which it is easy to determine the coeffi- 
cient A. ; 
Suppose for a moment $2=/,¢'edz, d62=/,o2dz; 

then, since ¢’ (7+ @)- ¢’*z=0, 

$(r+w)=$r= $0, $,(e+o)-$2=$0+2ho. 
But similarly ¢’z - ¢*(w- 2) =0; whence 


prio, (w-z)=$0, 2-9 (w-2z)+Go=2ho; 


°° @ 
whence, writing z= ze 


$0=24,2, $09.2, or $(210)-62-4,( 2 \(22+0) 
—er* (A- = op = 2w w? 
Hence G(r+o)=« ( 5% 9) og 


B , 
(2wa + w*) 


But G (x +) = f" q* Ga = ¢2 
or, comparing these, 


8 ( A 24,9) = Boon 58), 


Gz .... (55); 


- sec’ A = 368 - — d, . ; (57), 
or writing ie oe 
M hy eT eee (58), 
0 : 
Giz = (WPM) Aree foie fiero, (I'); 


which is the formule corresponding to the,one of Jacobi’s 
referred to at the beginning of this paper. Analogous 


. eas @ ut 
formule may be deduced from it by writing z+ =, or x+ t 


@ utes 
or z+ ; + >? instead of z. 


The following formule, making the necessary changes of 


notation, are taken from Jacobi. We have 
4pa.fa.Fa.pxfeFx 


(1 + ec’.¢’a.g'x)y (59), 


@ (4+ a) - g(x - a) = 


whence 


Sie (2 + a) - ¢*. (x -a)} dx = 


2oa.fa.Fa.g x (60) 
hemes GC WX ARMA atlldees ) . 
1 + &¢'p’.a.g'x 
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The first side of which is 
Sa (x + a) dx - f,.9° (x - a) dx - 2.f,¢’ada... (61). 
Hence, multiplying by e’c’, and observing the value of Gz, 
Gi(z+a) G'(x-a) Gia ec fa. Fa.pa.g'x 








G(z+a) G(x-a) Ga 1+ ecp'ag'er ia 
If in this case we interchange z, a and add, 
— + a dan = €¢'.pa.px.p (a + 2)... (63) 
Gz Ga G(x+a) 


[By subtracting, we should have obtained an equation only 
differing from the above in the sign of (a)}. 
Integrating the last equation but one, with respect to (a), 
IG (x + a) + 1G (x - a) - WGex - Ga = 1(1 + &c’g*xg*a). 
the integral being taken from a= 0. Whence 
G(x + a) G2 - a) = GxeG'a (1 + ec’g’xg'a)...(64). 
Or G(x +a) G(x -a) = @rGia + &c.yry'a, 
whence also aa 
y (z+ a) y (x - a) = y'xG'a - y'.aG'e. l 
g(@+a)g(x-a)= F2eG@'e - c'.g'a.G'ez. 
G(¢ +a). G(z¢ - a) = Gz.Ga + &GaG'r. 
These equations being obtained from the first by the change 


, @ ve oe 8 «- 
of z into r+—, 2+—, T+—+—. Chey form a most 
2 2 2 2 
important group of formule in the present theory. (By 
integrating the same formule with respect to z, and repre- 





pe a) 2 
senting by II(z, a) the integral z = a ‘ag ade , Jacobi 
obtains Jo l+ecgapa 
x - Gh’ 
Nis, e)= 33 22-9 ch 


G(z+a)° Ga’ 


an equation which conducts him almost immediately to the 
formule for the addition of the argument or of the parameter 
in the function II. This, however, is not very closely con- 
nected with the present subject. For some formule also 
Qe = (j = F 
deduced from (63), by which oe bah enh 2 
G(x+a)G(y+a)G(x+y-a) 
is expressed in terms of the function g. See Jacobi. 
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Note.—We have 


\ 


‘f z 
e=2IIIl! 1 - 
- \ (m,n) / 


gex =TI(14——\. .* 
\ r= n)/ 


the limits of » being + 4, and those of m being + p, in the 


” 
first case, and p, — p - 1, in the second case. Also? =o. 
q 
We deduce immediately 


, | (2+ 2) 
valor S\efea tan UL, } A + Dyeeeet 


\ 2) \ 2/ (m,n) J 


' x @ (m, h) 

= ni (1 4 a) . — Till ; 

(m,n)j/ 2 (m, ”) 
(paying attention to the omission of (m= 0, n=0) in yaa, and 
supposing that this value enters into the numerator of the 


expression just obtained, but not into its denominator). This 
is of the form 


al - 
yfa+$)= ann (1+ —2 =) 5 
' 2 (m, n) 


but the limits are not the same in this product and in gge. 


In the latter m assumes the value - p - 1, which it does not 
in the former. Hence 


@ zx 
mal 2 + $); Ipr = = A : IT, (1 "(p+ Ti): 


And the above product reduces itself to unity in conse- 
quence of all the values assumed by ” being indefinitely 
small compared with the quantity (p + 4); we have therefore 


@ 
vol 2 + ) MGS «oc cccscsiee (27), 


and similar expressions for the remaining functions. To 
illustrate this further, suppose we had been considering, 


~ 


instead of ygxr the function y gz, given by the same formule, 


We have in this case also 


only instead of — c- 


@ aeons x 
VA\? + 9) = 9-67 = *(pileosni)’ 


ow, £ = 0. 
q 


eS EI 
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A’ different from A on account of the different limits. The 
divisor of the second side takes the form 


{2-(p+})o.}.1 (1 ' oe) -(—p+}) on(1 . ei), 


and the extreme values of being infinite as compared with 
p. This may be reduced to 


- P 
- sin = {t-(p+})o}:sin(p+)jo. 
vi ’ 


T wT wer 
—[(p+i)o—2] . ((p+4)] = 
=e eu =e UV; 
neglecting the exponentials whose indices are infinitely great 
and negative. Observing the value of (3 this becomes ¢«~ “8, 
and we have 


@ ' 
Y-p (2 : $) = eBur, A'g 3.2: 
a result of the form of that which would be deduced from the 
equations y_gt = eF™yor, g px = PM gar, yal x + 5) = Age. 
It is scarcely necessary to remark that y_g¢ has the same 
relations to the change of z into z + = as y,« has to that of « 


° @ 
into x + = 


VI.—ON BRIANCHON’S HEXAGON. 

By Pencivat Frost, M.A., St. John’s College. 
Tue following is a proof of Brianchon’s property of the 
hexagon circumscribing a conic section, in which the method 
of multiplication is used, which I made use of to solve a 
problem in transversals in No. xxi. p. 113. The property 
is stated in the last number, and proved for each case 
separately. 

Let the conic sections be referred to two opposite sides of 
the circumscribing hexagon as axes, and let the equation to 
the curve be ax + by - 1 = 2B v(ay). 

Then, if az + By = 1 be the equation to a tangent, 

ax + by - (ax + By) = 2B v(zy) 
Y 


must give equal values to V ; 
x 


hence (a-a)(6-B)= BD ......0. (I). 





























278 Brianchon’s Hexagon. 


Let AB, CD (see fig. 2) be the two sides taken as axes, 
AE, EC and BF, FD pairs of contiguous sides. 
Let the equations be 
at+Py=1 to AE) 
ikea “mei 
yet Oy=1 “ BF) 
yeor+oy=1 “ FDS 
multiply equations (2) by h and & respectively, and add; 
therefore at E we have the relation 
(ha + ka’) x + (hB' + kB) y =h + k. 
Similarly at F’ we have the relation 
(hiy + Ky')a+(WS + khd)ya=h'+k....(4)3 
and if the arbitrary multipliers be so chosen as to make 
these coincide, either will be the equation to the said line 
EF. In this case 
ha + ka’ = h'y + k'y’, 
hp! + kB = h's' + kK, 
h+kh=h +h; 
therefore, eliminating by cross multiplication A and k, 
0=k' {7 (B - B') + e(a- a’) + a’ - af3} ) 
+k {y(B-B)+8 (a-a’)+ a’ - af} J 
Now by (1) we have the relations 
(a -a).(b6- ')=(a-a).(b- B)=(a-y).(6-8 =... 
p-p 6-f£ 
is a’ 7 @-a 
é-p 8-b 


Y - a a-a 


(5). 


whence 


and 





therefore adding these equations we obtain 
y (B - 3’) + 8(a—- a’) + a [3 - a3 6-f 
(a-a) (y' -a) a@-a 
Similarly, by the symmetry of (1), changing y and a and a 
into 8, 8 and 4 respectively, and vice versd, 
S(a-a')+7(B- PB) + aR -aB_y-a_ 
~ (B-B)C- 8B) ~b-p’ 
therefore we have by (5) and (6) 
0=K(S-B)(y -a)+N(8'- B)(y-a).... (7%). 
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Now az + dy = 1 is the equation to AD, 
ya . By a | 6 “cc “ec Bo; 
therefore, multiplying by m and x, and adding, 


(ma + ny) x + (md +nB)y=mi+n.... (8) 
is a relation which holds at G, the intersection. 
Assume m and so as to satisfy the equations 


ma + ny =h'y + ky, 
mo +n = h'd' + k's; 
therefore m (8 — af3) = hi (yd -— Bry) + h (y8 - By); 
or (m - k’) (y8 - af3) = h'y (8 - B) + KB (a - 9). 
Similarly (x — h’) (v6 - af3) = h'a(B - &) + K8(y' - a); 
hence {m +n - (h' + k’)} (yd - af) 
= hy ~ a) (8 - B) + K (8-8) (y- «) = 0, by (1); 


and min=h'+k'; 


therefore the relations (8) and (4) coincide, or the point G is 
in the straight line EF’; which proves the proposition. 


VIl.—ON THE LINES OF CURVATURE OF SURFACES OF THE 
SECOND ORDER. 
By Witiiam Tuomson, B.A. St. Peter’s College. 


Tue method usually followed in works on Geometry of 
Three Dimensions, in treating the differential equation to the 
lines of curvature of an ellipsoid, leads to an unsymmetrical 
integral, involving only two of the co-ordinates, and therefore 
representing the projection of the lines of curvature on one 
of the co-ordinate planes. In the following paper, by 
making use of an equivalent process, but preserving the 
symmetry with respect to the two variables which are in- 
volved, an integral is obtained which enables us from the 
symmetry to infer the equations to the projections on the 
other two co-ordinate planes. By combining the three forms 
of the integral thus obtained, we arrive at the integral given 
by Mr. Ellis, and at other symmetrical formule. 
Let the equation to the surface be 


xz a 2 2° 
-, + y +>3= 1 
a b&b e¢ 
The differential equation to the lines of curvature is con- 
sequently (4? _ C)x (e-a)y (a - B*)z ‘ 
—_—_— —_ 4 = _ 2 


dz ; dy dz 
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2 2 2 
z z , . ; 
Let —= 4, y =v, =w. The preceding equations be- 
a B° c 
come “Po ees | oe 
(BP -)u F (?-a’)v (a - B)w | . (2) 
du dv - dw io 


Eliminating w« from the latter equation, by means of the 
former, we have 


it c-a rth ee a-b Et 
du dv du | dw du i ; 
or BH a OL ee do + a du + Bde) 
dv 
_ w(- b* du -b'dw + a’ du + c' dw) 


dw 
But du +dv+dw=0, by (1); and hence the equation to 
the lines of curvature may be put under the form 
v wo ne 
do dw adu+bdv+cdw’ 
If from this equation we eliminate du, we obtain an 
equation of Clairaut’s form, of which the integral is found 


a dv : ee 
by substituting for do *2 arbitrary constant. For the sake 
of symmetry we shall denote this constant by J; and we 


h 
must consequently substitute g and A for dv and dw in the 
differential equation, and therefore also for du, -(g +h), 
which we shall denote by f. Thus we have : 


S..2.J) 
Sf g A Ba tigen (3), 
where f+gr+h=9, J 
and the complete integral is 
fi Se a ae (4) 
g h a@f+¥g+ch j 


Also, by the symmetry, we have for the integrals involving 
the variables wu and uv, 


w u C- 4 
h f a@f+¥g+ch 
Ee  Raeiatecs (4), 
, uo a’ - 0 


_ c 


g af+b9+ch) 
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The manner in which the quantities f,g, have been 
introduced, shows clearly how they represent only one arbi- 
trary constant. Any one of the equations (4) may be written 
in such a form as to contain only one arbitrary constant 
explicitly ; and it will be shown below how fg, h may be 
expressed symmetrically by two arbitrary constants, one of 
which is irrelevant, as it enters as a factor in the integral. 

From the equations (4), as from the ordinary forms, the 
properties of the projections of the lines of curvature may be 
readily deduced. ‘Thus, taking the second, and substituting 


~ 
~ 


x — 
for w, u, and g their values =, —, and — (f+ h), we have 
> 2 
a 
2 r @-e 
ch af (b-cC)h-(a-v)f 
Let a’, b’, c’ be positive quantities in descending order of 
29; i 5 
bd ry J . . . 
magnitude. Then, unless f and A have opposite signs, this 
equation cannot be satisfied by any values of z, z which 
satisfy the inequality » 42 
3 +—< 1 ; 
ce a 
that is, by values which correspond to any point of the 
ellipsoid. Hence we may write the equation as 


y wv. 
sor edter Vow caterer Mer esr 
y a 
a “a ce (a —cyh 
where Y= ae Aha (a- Bf’ 
a’ (a* - c)f 


a=- 


(6 - Ah- (a - Bf" 
Eliminating f : 4 between these equations, we have 


Syee.. 8 2(¢ _ BP a : 
2O=- 8) CC gp gw 


c a 


Hence we conclude that the projections of the lines of 


curvature on the plane of the greatest and least axes of 
the ellipsoid, are the ellipses whose semiaxes, y, a, are 
connected by the equation (6). Thus the construction for 
describing them is as follows. Draw an ellipse, concentric 
with the ellipsoid, in the plane ca, with the lines 


(e-e% c-cN 


as semiaxes. Take any point in this ellipse, draw pe rpendi- 
culars to the axes, and with the intersections as vertices, 
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describe a concentric ellipse. This will be the projection 
of a line of curvature. Also, by giving the point assumed 
in the auxiliary ellipse every possible position in its cir- 
cumference, we obtain the projections of all the lines of 
curvature. Similar constructions are applicable to the pro- 
jections of the lines of curvature on the other two principal 
planes ; and, by taking one or two of the quantities a’, 0°, c’ 
negative, we may extend the rules to hyperboloids of one or 
of two sheets. 

In the case we have taken, of an ellipsoid, and the plane 
of the greatest and least axes for the plane of projection, each 
curve intersects the consecutive one, and the locus of these 
intersections may be found from (5) and (6) by the ordinary 
process. ‘Thus, by differentiation, 


2” x 
, dy + --, da = 0, 
Y a 
ney oe 


s~ ada + —— ydy= 0. 


Hence - —=5 , 
ta y' o-o a’ j 
which gives 


ez(b-ec yt axr(a- yt 
By combining this equation, first with (6) and then with (5), 
we find each member 
fa “ae ee = eee 
, = -(b-c)i+-(@-B). 
Sse 2 LZ, 2 2\1 c a 
(6° - ot +-(a - 5°) 
c a 





Hence (6° — ci + =(¢ - bys =(a& - c.... (7), 


a 


ain 


is the equation to the required locus, which is therefore 
a group of four straight lines (on account of the double signs 
of the radicals) forming a rhombus, of which the diagonals 
coincide with the axes of ¢ and a. 

Thus we see that the projections of the lines of curvature 
on the plane of the greatest and least axes, are ellipses 
inscribed in a rhombus, with their axes coincident with those 
of the ellipsoid. If we consider 0° as not of intermediate 
magnitude between a’ and c’*, the equation (7) represents an 
imaginary group of straight lines, which shows that the pro- 
jection of any line of curvature on the plane of the greatest 
and mean, or of the mean and least axes, does not meet 
its consecutive. 















of Surfaces of the Second Order. 


It may be remarked with respect to equations (4), that any 
one of them may be deduced from any other, by combining 
it with the equation w+ v + w = 1, as is easily verified. Also, 
by multiplying the first by a’, the second by 2’, and the third 
by c’, and adding, we have 

‘a + he 2 hile 2 

u (b° — c’) BAG wid w (a ht 

I 4 g h 
which is the symmetrical integral given by Mr. Ellis, (Vol. 11. 
p- 138). This equation might also have been found directly, 
when it was proved that 




























© one 


du dv dw 


FS ugy bu 
by eliminating by means of these relations, du, dv, dw from 
(2), the differential equation to the lines of curvature, which t 


is the method followed by Mr. Ellis. 

Without losing generality, we may substitute for f, g, h, 
any expressions in terms of two distinct constants which 
satisfy the condition f+g+h=0. Thus, if we take / and 


uv for the constants, we may assume : 
St = ka’ (B - c*) - ku (8B - @*), 

or f=k(b - &) (@ - v), } 
g=k(c-a@)(8-v),}..... aren C)° 


h=k(a’ - b) (ce - v), 
Making these substitutions in (8), we have 
u v w 
5 +— + = @ 
a-vu b —v C-v 
2 2 . «es COO 
A ie y Zz | 
or —— — Y een 2 = 0, | 
a(a—-v) BW-v) (ev) 


Adding this equation, multiplied by v, to 


Soy 2 
-—+— ih wearer eee 
a os ¢ (4), 
z y” z 
we have — 4 4 —~+ —~—=1..... mr 


a@—-v B@-v e-y 
This equation shows that the lines of curvature of any 
surface of the second order with a centre, are its intersections 
with confocal surfaces of the second order. Since this pro- 
perty is independent of the centre, it follows that it must 
also be true for the case of a surface without a centre. 
If the coordinates z, y, z, of any point in the line of 
curvature be given, by substituting these values for 2, y, 2 
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in (10), which will be a quadratic in v, we may determine 
two values of this parameter, which, substituted in (11), will 
give the equations to the hyperboloids of one sheet and 
of two sheets confocal with the ellipsoid, which cut it in 
the two lines of curvature passing through the given point 
L,, Y,, 2, In general, equation (11) may be considered as a 
cubic for determining v, when z, y, z have any given real 
values whatever, z,, y,, 2, The three roots, which may 
readily be shown to be real, correspond to the three species 
of surfaces confocal with the ellipsoid (a, 6, c) which intersect 
in the point z,, y,, 2, In the present case, when this point 
is on the surface of the ellipsoid (a, b,c), and therefore 
Z,, Y,, 2, satisfy the equation (a), one root of the cubic is zero, 
and the other two are the roots of the quadratic (10), which 
is the reduced equation. 'Thus, whether we take the form 
(10) or (11) of the integral, the two arbitrary constants may 
be determined by the solution of a quadratic equation, from 
the condition that the curve passes through a given point. 

If we wish to determine the direction of the tangent at 
any point of a line of curvature, we may follow the usual 
process of differentiation for curves of double curvature. 

‘Thus, taking any two of the equations (4), we find 

Ain & 8 
But if 7, m, x be the direction-cosines of the tangent, we have 


du dv dw 


l m n 
—— = 9 — ; 
a C 
du —dv dw 
r y 2 
l m n 
and hence “oe = ye = err CE 
ap oO Cc 
—f -g —h 
x y z 


If we substitute for f, g, h their values by (9), these equations 
become 
1 
. =F ~ ae ae (18). 
a i Prayer Pre 
“(B-e)(@-v) ~(e-a@)(B-v) G*-8)(e-v) 
x y . - 





We may also determine /, m, x by the ordinary formule 
for the principal directions of curvature. ‘Thus, if p be the 
radius of curvature of the normal section touching the line of 
curvature at the point considered, we have 


i mh nly i mone bas (OR 


a - pe ‘ by pp c pe 
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arid pp is one of the values of Q deduced from the quadratic 
equation 
2 y 2 
ilo) * PP om tele 
a(a’-Q) B(BP-Q) &(e&-Q) 
Also v is a root of this equation, since, when it is sub- 
stituted for Q, the equation is identical with (10), one of the 
equations of the line of curvature considered. Thus a line of 
curvature is the locus of points on the surface, for which one 
root of (15) is constant. Now, by combining equations (13) 
and (14), we have 
a’ (b° — c*) (a® — v) (a — pp) ) 
=" 
Bie - a) (8B - v) (B - vp 
A et + An alt. . | (16). 
y 
_ & (a - B) (e — v) (ce — pp) 


~ 
x 


These equations show that v and pp cannot both be con- 
stant, and therefore they must be different roots of the 
equation (15). Hence, if p’ be the radius of curvature of a 
normal section perpendicular to the line of curvature at P, 
we have v= pp’; 
which shows that the radii of curvature of sections per- 
pendicular to a line of curvature at different points, are 
inversely proportional to the perpendiculars from the centre 
upon the tangent planes at those points. 

The equations (16) may be verified directly, since, pp 
and v being the two roots of (15), we have 

x y 2*\ 


2722 
v.pp = a'b’c ( bea 
PP as b' ce)? 


(BP+e)e (P+a)y (@+H)2 
v + pp = — : = + ; : 
a b c 
Hence (a’ - v) (a’ - pp) 
«£2772, 2) p22, 2 973,09) AY 2/3, At 2f0 & 
= —{a'(B+e!)— Bie*} = - {a*(o’ra")-c'a"} © - {a'(a +0) ab} 
C 
2 Pe 2 
c a 
2 
=(@- B)(a-c) 5. 
a 
a’ (b* ~ c*) (a*-- v) (a - pp) _ 
xz 


Hence 


— (B - c*) (ce - a’) ja’ - 8); 
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and therefore we infer that each member of (16) is equal 
to this expression, on account of the symmetry. 

Let 7’, m', n' be the direction-cosines of the principal 
section corresponding to the root v of the quadratic equa- 
tion (15). We shall have, by the formule which correspond 
to (14 2 

vie eo ee pe ae 

- a@-v b- vy cu 

Thus, by means of the same root of the quadratic equation, 
we have, in (13) and (17), expressed the direction-cosines of 
each of the two principal sections. If we put A for each 
member of (13), these equations give 

Ul' + mm! + nn' = Au {a’ (8 - °) + P(e - a’) + Pa - B)} 

= 0, 
which proves that the principal directions of curvature are at 
right angles to one another ; a theorem, of which many other 
different proofs have been given. 

Dec. 1844. 





VIII.—MATHEMATICAL NOTE. 
1.—Light diverging from a point is incident on a given 
surface at a given point ; find the direction of the reflected ray. 
Let 7, m, m be the direction cosines of the normal (JV) at the 
point z, y, 2, 
a, B, y 1 oe a | incident ray (J), 
a, B.y J | reflected ray (R), 
t the angle of incidence ; 
then, because (NV), (7),(R) are in the same plane (fg, 4), 
we have fl + gm+ hn =0, 
fa+ 9B + hy =0,7...... oo (1); 
Ja + gp + hy’ = 0, 
hence, A, « being indeterminate multipliers, 
l=ra+pa', m=ABimpf, n= dy + my....(2). 
Also cost = la + mB + ny, 
cos t' = la’ + mB'+ ny’, > ......- . (3); 
cos 2u= aa’ + BR’ + yy’, 
hence, multiplying equations in (2) by J, m, m respectively, 
and adding, also by a, 8, y and a’, 8’, 9, and subtracting 
the results, we get by (3) 
= (A+ #) Cos 4, 
0=)A- Bs 
1 


or tad hal 9 








a aa. 4 
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whence equations (2) give 
a'=2lcost-a, B'=2mcosi—B, y =2n cos u-y... (4), 
or equations to the reflected ray (2) are 
E-z n - C-z 
Y = Pore 


Qlcost—a 2m cose—B 2n cos t- ¥ 


Cor. 1. Let the incident ray pass through the origin; 
and let p be the length of the perpendicular from the origin 
on the tangent plane, r the distance of the point of incidence 
from the origin: then 

p 
COS t oll > -= 
r x 
hence equations (5) become 
f-< «#9 S-z 


olp—2 Imp-y inp-2°°'"°*"” (6). 


Ex. Let the surface be an en whose equation is 


S 
t-—=1; 
> eer 
Dat 
then l= pe , M=a, n=a, 
a 
and i=2 = . al $~'2 7 





on ute (ok-4 ‘(2 1) 
(ur amie ua Ga Jey La 
Cor. 2. When the reflected ray passes through the line, 


; = az = : =p suppose ...4..... (7), 
we have, substituting in (6), and calling each fraction g, 

lp -(2lp-x)q=2, 

m,p —(2Mp — Y)F = Yo Cw vceeees (8); 

n,p — (Qnp - z)q =2, J 
and eliminating p and q, and substituting for 7, m, n from the 
equation to the surface, we shall find the locus on which the 
rays (7) were before reflection. 

Let A, wv, be multipliers; then putting 


rE fm, + vn, =0,) 
, (Qlp — x) + pw, (Qmp — y) + v, (Qup - =)=0, J’ 
r y 
we get — ee ee. eee 


2(mn-mn,)p-(mz-ny)  ( ) 
hence, by (8), 


(m,n —mn,)x +(nl— nl.) y + (Um - ml.) z= 0; 
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or if F(z, y, z) = 0, be'the equation to the surface, and 
yal? 4 a 
da? —— dy’ 


: J m 

=—, since — =—=— 

dz u 

therefore the equation to the required locus is 


: 

v w 
(m,w —n,v) x + (nu —lw)y + (le - mu) z=0... (9) 
Ex. In the ellipsoid this becomes 
("E 


= Mp | 


na lz { 
t 2+\—-+-4 
ce 3B 


z Ly 
a F 


(ly me 
S)oe(G-S 
or hye (5 - sym zn 3 wa) 
1 e Ce 1 Cc z) 
the equation to a cone. 


If in particular /, = m, = n,, this reduces to 
Ca Oe a 
yz (zs : " \é a’ / zy a2 


For refraction, when «' is the angle of refraction, and 
of (8) we have 


Addition. 


sin v= « sin v’, we get equations (1), (2) unaltered; instead 
cos t= la + mB + ny, 


cos u' = la’ + mf + ny’, 
cos (t — v') = aa’ + BRB’ + yy’; 
whence it easily follows that 
r be 1 
or 


sin’ sine sin(s—v)’ 


Zsin (t - ¢’) 


—~asin +a’ sin 4; 
and hence equations to the refracted ray 
E-z 





a : 2: Dad 
Isn(t-v)+asine’ msin(t—-’)+P sine 


2 c- 2 Pu 
8 ames i mere e e e (5 )e 
msin(t—-t)+9y sine 
These expressions give those for reflection (5) by putting 
=-t; t=-U, as it ought to be. 


L. Fiscuer 
END OF VOL. IV. 
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